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We present a mean field theory of composite fermion edge states and their transport proper- 
ties in the fractional and integer quantum Hall regimes. Slowly varying edge potentials are as- 
sumed. It is shown that the effective electro-chemical potentials of composite fermions at the edges 
of a Hall bar differ, in general, from those of electrons, and an expression for the difference is ob- 
tained. Composite fermion edge states of three different types are identified. Two of these types 
have no analog in previous theories of the integer or fractional quantum Hall effect. The third type 
includes the usual integer edge states. The direction of propagation of the edge states is consistent 
with experimental observations. The present theory yields the experimentally observed quantized 
Hall conductances at the bulk Landau level filling fractions V = p/(mp ±1), where m=0, 2, 4, and p 
= 1, 2, 3, ... It also explains the results of experiments that involve conduction across smooth po- 
tential barriers and through adiabatic constrictions, and of experiments that involve selective pop- 
ulation and detection of edge channels in the fractional quantum Hall regime. The relationship 
between the present work and Hartree theories of composite fermion edge structure is discussed. 

PACS numbers: 73.40. Hm Quantum Hall effect (including fractional) 

1. Introduction 

The discovery that the Hall conductance of two-dimensional electron systems is quantized 
at low temperatures in integer 1 and fractional 2 multiples of e 2 /h has stimulated the emergence of 
many remarkable theoretical ideas. 

The integer quantum Hall effect occurs when the Fermi level lies in a mobility gap between 
the bulk Landau levels of a two-dimensional electron system. It was first explained by Laughlin 
using a gauge invariance argument. 3 Subsequently, Streda, Kucera and MacDonald, 4 Jain and 
Kivelson 5 and Buttiker 6 proposed an alternate point of view in which it is explained on the basis 
of the Buttiker-Landauer theory of one-dimensional conduction, 7 within the framework of magnet- 
ic edge states introduced by Halperin. 

Unlike the integer quantum Hall effect, the fractional quantum Hall effect is believed to be 
inherently a many-body phenomenon. As was shown by Laughlin, 9 it is due to the formation of 
incompressible states of a partly filled Landau level at the filling fractions 1/3, 1/5, 1/7 ... A hier- 
archical generalization of Laughlin' s states was able to explain the occurrence of the fractional 
quantum Hall effect at other fractional fillings. 10 A different generalization of Laughlin' s states 
was introduced by Jain. 11 Jain's picture of the fractional quantum Hall effect can be thought of in 
terms of a singular gauge transformation of the many-electron Hamiltonian and eigenstates, that is 
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related to the transformations from fermion to anyon and boson representations that had been in- 
troduced earlier. 12 This gauge transformation 11 ' 1 ' 14 results in a tube of fictitious magnetic flux 
(carrying an even number of flux quanta) being attached to each electron. In the new gauge, the 
electrons, together with the flux tubes attached to them, obey Fermi statistics and are thus known 
as "composite fermions." The simplest description of composite fermion systems is a mean field 
theory described by Jain, 11 Lopez and Fradkin 13 and Halperin, Lee and Read. 14 In the mean field 
theory, the composite fermions interact with an effective magnetic field that is the sum of the true 
magnetic field and a fictitious magnetic field that is the spatial average of the gauge flux carried by 
the composite fermions. The fractional quantum Hall effect is observed at magnetic fields and elec- 
tron densities at which an integer number of Landau levels is occupied by the composite fermions 
in this effective magnetic field. Thus the fractional quantum Hall effect can be viewed as a mani- 
festation of the integer quantum Hall effect for composite fermions. 11 The integer quantum Hall 
effect also fits into this picture, as a special case. 11 In addition to unifying the integer and fractional 
quantum Hall effects, the composite fermion theory explains 11 the relative stabilities of the differ- 
ent fractional quantum Hall phases that are observed experimentally. It also explains the scaling 
with magnetic field of the energy gaps that are observed in the fractional quantum Hall re- 
gime. ' ' Another consequence of the composite fermion theory, demonstrated theoretically by 
Halperin, Lee and Read, 14 is that at the Landau level filling factor v = 1/2, where the effective mag- 
netic field vanishes, the lowest spin-polarized electron Landau level has many features in common 
with a system of electrons at zero magnetic field. For v ~ 1/2 it behaves somewhat like a system of 
quasi-classical electrons at very low magnetic fields. These remarkable predictions have been con- 
firmed experimentally. ' ' 

Working in the Corbino geometry, Jain demonstrated that composite fermion theory yields 
the experimentally observed fractionally quantized Hall conductances. His proof 11 was a general- 
ization of the arguments that Laughlin 3 had used earlier to explain the integer quantum Hall effect. 
However, because of the very close relationship between the integer and fractional quantum Hall 
effects in the composite fermion picture, one might hope to also construct a composite fermion the- 
ory of transport in the fractional quantum Hall regime that is somewhat closer in spirit to the the- 
ories of edge channel transport in the integer quantum Hall regime. This is done, at the level of 
mean field theory, in the present paper. 

In Section 2, we review briefly the main ideas underlying the mean field theory of unbound- 
ed two-dimensional composite fermion systems, and then examine some of their implications for 
transport classically. In Section 3, we demonstrate that the effective electro-chemical potentials of 
the composite fermions at the edges of a finite two-dimensional system that carries a current, can 
differ from the electro-chemical potentials of the corresponding electrons at the same edges. We 
also show how these quantities are related, using the mean field ideas outlined in Section 2, and 
the fact that the local charge density is gauge-invariant. 

In Section 4, we consider the nature of the composite fermion states near the edges of a Hall 
bar and their transport properties, within mean field theory. We assume that the electrostatic po- 
tential is slowly varying spatially, and that quasi-equilibrium exists at each edge. In the present the- 
ory, the composite fermion edge states are of three distinct types: Type I edge states, although they 
cross the composite fermion Fermi level, are "silent" modes. We show that the electric current that 
they carry does not change when the edge electro-chemical potential changes, provided that qua- 
si-equilibrium at that edge is maintained. Type II edge states lie below the composite fermion Fer- 
mi level, and are separated from it by a finite gap when the system exhibits a fractional quantum 
Hall plateau. However these modes do respond to a change in the edge electro-chemical potential 
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with a change in the current they carry. Thus the properties of the Type I and Type II edge states 
are fundamentally unlike those of the ordinary magnetic edge states that appear in the standard the- 
ories of the integer quantum Hall effect. Type III edge states cross the composite fermion Fermi 
level and do respond to a change in the edge electro-chemical potential with a change in the current 

o 

that they carry. The usual edge states of the integer quantum Hall effect are a special case of Type 
III edge states. The direction of propagation of the edge states described in this article is in agree- 
ment with experiment. We also show how the correct fractionally quantized Hall conductance of a 
Hall bar connected to ideal current and voltage contacts follows from the properties of these edge 
states and from the relationship between the electron and composite fermion edge electro-chemical 
potentials that is established in Section 3. 

In Section 5, we discuss the application of the theory of composite fermion edge channels 
developed in Section 4 to conductors with smooth potential barriers and adiabatic constrictions, 
and find that the results agree with the relevant experiments. The theory is shown to explain the 
results of experiments that involve selective population and detection of fractional edge channels 
in Section 6. Our conclusions are summarized in Section 7. In the Appendix we discuss the rela- 
tionship between the present work and Hartree theories of composite fermion edge structure, the 
direction of propagation of the composite fermion edge states, and the possible role of the 
many-body effects that result in the divergence of the composite fermion effective mass that occurs 
when the effective magnetic field vanishes. 



2. Mean Field Theory of Unbounded Composite Fermion Systems 

In mean field theory, the interactions between composite fermions that are due to the vector 
potentials associated with the tubes of gauge flux attached to the electrons, are replaced by inter- 
actions with a fictitious average magnetic field and a fictitious electric field: 

As discussed by Jain, 11 Lopez and Fradkin 13 and Halperin, Lee and Read, 14 the fictitious 
magnetic field 

B = -mnBh/e = -mvB (1) 

g v ' 

is equal to the average gauge flux per unit area, and points in the direction opposite to that of the 
real magnetic field B. Here m is the (even) number of quanta of gauge flux carried by each com- 
posite fermion, n is the two-dimensional electron density, which is assumed to be uniform, v = 
nhl(eB) is the Landau level filling parameter, and B is the unit vector in the direction of the true 
magnetic field B, which is normal to the plane containing the electrons. Thus the composite fermi- 
ons are taken to interact with an effective magnetic field 

B eff = B + B g (2) 

It follows 1 1,13 ' 14 that at filling fractions V = pl{mp+\) of the lowest spin-polarized electron Landau 
level, for positive integers p, exactly p Landau levels are filled by composite fermions in the effec- 
tive magnetic field B eff . The fractional quantum Hall effect that is observed at the electron filling 
fractions V = pliynp ±1) is therefore associated 11 with integer filling of the composite fermion 
Landau levels. 

If a composite fermion system carries an electric current, the tubes of gauge flux that are at- 
tached to the electrons drift through the system, and this drifting gauge flux implies ' ' that a 
fictitious electric field 
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E = -(JxB)mh/e 2 , (3) 

the analog of the electric field in a moving solenoid, is also experienced by the composite fermions. 
Here J is the two-dimensional electric current density. Similar gauge electric fields have also been 
discussed in the context of boson and anyon ' Chern-Simons theories. 

The importance of including the gauge electric field E g in any consistent composite fermion 
mean field theory of transport becomes clear if one considers the case of a half-filled Landau level, 
V=l/2. In this case, for the standard choice of two quanta of gauge flux per composite fermion 
(m=2), equations (1) and (2) yield 5 eff =0. But at zero magnetic field, the Hall resistance of an elec- 
tron system is zero, whereas experiment shows that at v=l/2 the Hall resistance is Ihle 1 . Thus sim- 
ply treating composite fermions as if they were electrons moving in an effective magnetic field 5 eff 
is incorrect. However, according to equation (3), the system of composite fermions moving in a 
zero effective magnetic field generates the transverse electric field E g by virtue of its motion, and 
thus exhibits a Hall voltage proportional to the net electric current, and the correct Hall resistance 
Ihle 2 is thus obtained. 

More generally, combining equations (1) and (3), one finds that E g = - <v>xB g where <v> 
= - Mine) is the electron (or composite fermion) average drift velocity. Thus, in classical language, 
the fictitious electric field E g exerts a force - eE g equal to e<v>xB g on the composite fermions 
which exactly cancels the average magnetic force - e<v>xB g due to the fictitious magnetic field 
B g . Thus -eE g -e<v>xB eff = -e<v>xB. That is, the average Lorentz force experienced by the com- 
posite fermions is the same as that experienced by ordinary electrons. We note, however, that since 
in most experiments the electric current is weak and kv>l « v F , the individual composite fermion 
semiclassical trajectories are still determined mainly by the effective magnetic force -<?v F xB eff , 
and therefore the classical trapping and focussing arguments discussed in Refs. 20 and 21 remain 
valid. 

While the gauge electric field E g compensates the average classical Lorenz force - e <v>xB g 
associated with the fictitious magnetic field B g , the fictitious scalar potential associated with E g in 
composite fermion theory is not cancelled in this way, since a magnetic field is not associated with 
a scalar potential. It will be shown in the following Section, that the presence of this scalar potential 
associated with E g implies that the effective electro-chemical potentials of composite fermions at 
the edges of a Hall bar differ, in general, from those of the corresponding electrons. This difference 
is very important and must be taken into account when comparing the predictions of mean field 
theory of composite fermion quantum edge channels with the results of transport measurements on 
Hall bars connected to current and voltage leads as will be seen in Section 4. 



3. Composite Fermion Electro- Chemical Potentials 

Consider now a wide but finite two-dimensional conductor, connected to ideal electron res- 
ervoirs with well-defined electrochemical potentials as depicted in Fig.l. The magnetic field B is 
perpendicular to the electron plane. S and D are the source and drain contacts for electrons and are 
maintained at electrochemical potentials (ij and |i 2 , respectively. The directions of the electron 
flow at the edges of the sample are shown by arrows. L and R are Hall voltage contacts that draw 
no net current. Thus on a quantum Hall plateau, the electrochemical potentials of L and R are equal 
to |i 1 and (i 2 , respectively. In fact, on a quantum Hall plateau, the electro-chemical potentials of the 
electrons are equal to (i 1 and (i 2 everywhere along the left and right hand edges, respectively, of 
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the Hall bar shown in Fig. 1 . 

It is important to realize, however, that the effective electro-chemical potential of the com- 
posite fermions may be different from that of the electrons at the same edge. This can be seen as 
follows: The transformation from electrons to composite fermions is a gauge transformation, and 
it therefore preserves the square amplitude of the many-particle wave function. This implies that 
the local density n of composite fermions is equal everywhere to the local density of electrons. The 
local electric field experienced by the composite fermions can therefore be viewed as consisting of 
two parts: The first part is the electrostatic field that can be obtained by solving Poisson's equa- 
tion (given the local charge density everywhere in the system). It is the same as the electric field 
that is experienced by the electrons, because the local electron density is equal everywhere to the 
local composite fermion density. The second part is the fictitious gauge electric field given by 
equation (3). It exists only in the representation of composite fermions, and not in that of electrons. 
Thus, if it is not zero, it results in the composite fermions having a different effective electrostatic 
potential energy and hence a different electro-chemical potential from that of the electrons. Let (I* 
be the effective composite fermion electro-chemical potential that corresponds to the electron elec- 
tro-chemical potential \i. We are interested in the differences between the effective composite fer- 
mion electro-chemical potentials at different edges / and j of the Hall bar. These differences can be 
expressed in terms of the electron electro-chemical potentials at the respective edges and the cur- 
rent flowing between the edges as 

\L.* - \Lj* = \L. - \lj + j%E g . dr = \i. - \i. - j* (mh/e) J.B x dr . (4) 
J.B x dr is just the net electric current flowing across the path connecting the two edges. Notice 
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that the gauge electric field E g that enters equation (4) is unscreened because the effects of the elec- 
trostatic fields arising from the exact charge distribution (which is the same for both electrons and 
composite fermions) are already taken fully into account in the difference \lf-\l; of the electron 
electro-chemical potentials that appears on the RHS. 

It is also important to note that equation (4), is an expression that relates thermodynamic 
quantities and assumes local quasi-equilibrium. It therefore only applies to electro-chemical poten- 
tial differences between different edges of a sample, and should not to be taken to imply variations 
of electro-chemical potentials over short length scales. The relationship between the electro-chem- 
ical potentials of the different composite Fermion edge channels at any single edge is determined 
not by equation (4) but by the processes by which carriers are injected into the 2D system. In this 
article we assume that the contacts are ideal in the sense that there is quasi-equilibrium between 
the composite Fermion edge channels originating from any particular contact. However, in some 
experiments, channels originating at different contacts converge to the same edge of the sample. 
Such non-equilibrium situations are discussed in detail in Section 5 and Section 6. 

To summarize: The electron electro-chemical potential difference between the edges of a 
Hall bar can be viewed as being due to the piling up of charge along the edges of the current-car- 
rying conductor in a magnetic field. This charge pile up is the same for composite fermions as for 
electrons, but the composite fermions experience an additional gauge electric field E g , and an as- 
sociated additional potential difference across the Hall bar. This means that the effective elec- 
tro-chemical potential difference across the Hall bar for composite fermions differs from that for 
electrons by a term | eE g . dr . The implications of this difference for the mean field theory of com- 
posite fermion edge ■transport are made clear in the following Section. 
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4. Edge States and Quantization of the Hall Conductance in Composite Fermion 



Let us suppose that the electrostatic potential experienced by the electrons is slowly varying 
on the scale of the magnetic length, as the edge of the Hall bar is approached. As the edge is ap- 
proached, the local electron density n and Landau level filling parameter v decrease, and 5 eff also 
varies because it depends on the local density according to (1) and (2). 5 eff vanishes when v=l/m, 
for even integers m. In this paper, we assume that for v in the vicinity of 1/m, the mean field com- 
posite fermion Landau level energies are given by 



Here r = 0, 1, 2, ... and Wis the composite fermion effective potential energy which depends on 
position. Note that W includes a contribution associated with the gauge electric field, m* is a phe- 
nomenological composite fermion effective mass. It has been predicted theoretically 14 that the ef- 
fective mass should diverge when 5 eff = 0. The experimental data appears to support this, but 
suggests that the divergence may be much stronger than predicted. ' '> 10 > zo 

Equation (5) is generally believed to provide a good description of the composite fermion 
energy level structure as a function of magnetic field in uniform systems. It is widely used to inter- 
pret experimental data. But some recent theories ' have suggested that the behavior of e m r near 
the edges of composite fermion systems may differ qualitatively from that predicted by equation 
(5). However, those theories do not take into account many-body effects that give rise to the diver- 
gence of the effective mass at 5 eff = 0, which we believe to be important, and they yield a direction 
of propagation for the composite fermion edge states in the v=2/3 regime that is the opposite to 
what is observed experimentally. We discuss the relationship between those theories and the 
present work and also the significance of the divergence of the effective mass in the Appendix. 

In Fig. 2, the thinner curves show e m r (equation (5)) schematically as a function of position 
x along the dashed line in Fig.l; the thicker curves represent W. Fig. 2(a) and Fig. 2(b) show cases 
where, deep in the interior of the 2DEG, B eff is parallel and anti-parallel to the real magnetic field 
B, respectively. Each "fan" of lines representing e m r corresponds to a particular value of m as in- 
dicated, beginning with m b in the bulk. Other fans of levels that may be obtained from these by 
particle-hole transformations 11 and are centered at filling fractions v = 1-1/m can also occur, but 
are not shown. They are not considered further in the present paper, where we will be concerned 
only with the predominant fractional quantum Hall phases that correspond to v = pi imp ±1), and 
the composite fermion Landau levels that are associated with these fractions. 

In order to study the transport characteristics of the conducting channels associated with 
these composite fermion mean field Landau levels, consider the vicinity of the dashed line in Fig. 1 
where the system is translationally invariant in the v-direction. Let us introduce a mean field effec- 
tive vector potential 



for which Vx A eff = B eff . The mean field single -particle composite fermion eigenstates are then 
solutions of the effective Schrodinger equation 



Mean Field Theory 




(5) 



A eff =(0, \ x B^u)du, 0) 



(6) 




(7) 
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and are of the form 



(8) 



As in the edge channel theories of the integer quantum Hall effect, the electric current carried 
by a particular channel (m,r) is then 



where f m r (k) is the number of composite fermions occupying the state ^ m r Note that the charge 
of a composite fermion is -e, the same as the charge an electron, because gauge transformations 
preserve charge. The second equality is obtained by assuming thatf m r (k) = 1 or depending on 
whether the state y i , k mr is occupied or not. We note that de m Jdx is positive for some of the modes 
(m,r) depicted in Fig. 2 and negative for others. However, analysis of equations (6) and (7) (see the 
Appendix) shows that de m r /dk is positive for all of the modes shown in the left half of Fig. 2 and 
negative for all of the modes shown in the right half. Thus all of the composite fermion modes that 
are shown in Fig. 2 travel in the directions indicated by the arrows in Fig.l, the same directions as 
for non-interacting electrons. 31 

Let us suppose that the composite fermion states ^ m r are fully populated by the electron 
reservoirs up to a composite fermion electro-chemical potential (ij* for modes flowing from res- 
ervoirs S and L, and up to |i 2 * for modes flowing from reservoirs D and R in Fig.l. Under these 
quasi-equilibrium conditions, we now calculate the change dl m r in the current carried by mode m,r 
across the dashed line in Fig. 1 (and also the change in the total current dl), when the electro-chem- 
ical potential (ij* is changed by a small amount d\li*, and (i 2 * is changed by d\l 2 *. 

There are composite fermion edge modes of three different types shown in Fig. 2. They and 
their responses to changes in the edge electro-chemical potentials will now be discussed: 

Type I edge modes are those that correspond to mean field composite fermion Landau levels 
that are confined entirely to the vicinity of a particular edge. In Fig. 2 these are the Landau levels 
that begin at the apex of a "fan" (where 5 eff = 0) and pass through the Fermi level at an energy 
equal to the composite fermion electro-chemical potential \i * for that edge. According to equation 
(9), the current carried by an edge mode of this type belonging to edge 1 (see Fig.l) changes by 



in response to a change du^* of the composite fermion electro-chemical potential. Here W a is the 
composite fermion potential energy where 5 eff = for the given mode, as indicated in Fig. 2. In a 
quasi-equilibrium system with a well-defined composite fermion edge electro-chemical potential 

and if W is slowly varying with position, it is reasonable to suppose that, at any given real 
magnetic field B, (J,j*-W(the local Fermi energy) depends only on the local composite fermion (or 
electron) density n. But now recall that W a in equation (10) is evaluated where 5 eff = 0, and that 
5 eff = occurs at a particular value eBI{hm) of the density n where V = 1/m. 38 This value of the 
density is independent of the electro-chemical potential Therefore \i\*-W a is independent of 
(ij*. That is, W a exactly tracks the effective composite fermion edge electro-chemical potential. 
We thus obtain that 




(9) 




(10) 



dW a = d\i* . 



(11) 
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It then follows from equation (10) that the change dl m r in the current carried by a Type I composite 
fermion edge mode, that occurs in response to a change d\li* of the edge electro-chemical poten- 
tial, is zero. A similar result holds for Type I edge modes at edge 2 in Fig.l. That is, Type I edge 
modes do not contribute to the current response (or to the Hall conductance) of a Hall bar with 
well defined quasi-equilibrium composite fermion electro-chemical potentials at its edges. In this 
sense they are "silent" modes, entirely unlike the edge modes that figure in theories of the integer 
quantum Hall effect. 

We emphasize, however, that Type I edge modes are quite real and can, under suitable con- 
ditions, transport charge. In cases where edge state quasi-equilibrium is not achieved, they can ex- 
hibit a non-zero electric current response to a change of reservoir chemical potential. Thus they can 
be detected experimentally, as will be discussed in Section 5 and Section 6. They also play an im- 
portant role in electron transport in 2D conductors with smooth potential barriers or adiabatic con- 
strictions. This will be explained in Section 5. 

Type II edge modes are those that correspond to mean field composite fermion Landau lev- 
els that begin at the apex of a fan where 5 eff = 0, and continue into the interior of the two-dimen- 
sional conductor, always staying below the Fermi level. Examples are the two inner-most modes 
of Fig. 2(b). We now consider the current response of these modes to changes in the composite fer- 
mion electro-chemical potential again assuming quasi-equilibrium at the edges, and that Wis 
slowly varying. 

In this case equation (9) takes the form 



where the second equality is obtained using equation (11), which here takes the form dW = d\Xi*, 
and its analog dW' = d\x 2 * which holds at the right hand edge in Fig. 2(b). If there are p Type II 
modes present (p is also the number of occupied composite fermion Landau levels in the interior 
of the Hall bar) then the change in the total current is 



since the Type I modes are silent, and do not contribute to the current response, as has been ex- 
plained above. Notice that, in this case, the current response dl comes entirely from modes that are 
separated by a gap from the Fermi level, another unique feature of composite fermion theory, not 
found in the theories of the integer quantum Hall effect. 

In order to evaluate the Hall conductance G H of the system, it is necessary to express dl in 
terms of electron electro-chemical potentials, since these are the measured electro-chemical poten- 
tials of the contacts. This can be done using equation (4), which yields 



Notice that only m b , the bulk value of m, enters (14) since the contribution of the Type I modes to 
dl is zero, as has been shown above. Combining (13) and (14), we find that for edge mode config- 
urations of the type shown in Fig. 2(b), the Hall conductance of the Hall bar in Fig.l is 




(12) 




(13) 



r 





dl _ e 2 p 



(15) 



- |X 2 ) hm b p-\ 
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Type III edge modes are those that correspond to mean field composite fermion Landau lev- 
els that begin below the Fermi level deep in the interior of the two-dimensional conductor and pass 
upwards through the Fermi level as the edge of the sample is approached. This behavior is quali- 
tatively similar to that of the usually discussed edge modes of the integer quantum Hall effect, 
which are in fact special cases of Type III edge modes. The two interior modes in Fig. 2(a) are ex- 
amples. 

For Type III modes, equation (9) takes the form 
dI m,r = -l d Ul*-»2*)- ( 16 ) 



and dl is obtained by summing over the populated Type III modes to yield 

e 



dI = L dI m , r = -p e A»i*-»2*) ( 17 ) 



where p is once again the number of occupied composite fermion Landau levels far from the edges 
of the Hall bar. Equation (14) applies to this case as well and, combining it with (17), we find that 
for edge mode configurations of the type shown in Fig. 2(a), the Hall conductance of the Hall bar 
in Fig.l is 

/- dl e 2 p , 10 . 
G H = -e^r- = — -. (18) 

H 0(1^ - M- 2 ) n m bP + * 

The factors pl(m b p±\) that appear in the Hall conductance expressions (15) and (18) are 
equal to the values of the bulk electron Landau level filling parameter v for the systems in which 
p composite fermion landau levels are occupied in the bulk. ' 14 Thus the expressions (15) and (18) 
give the correct fractional Hall conductances G H = Ve Ih that are observed experimentally, and are 
in agreement with the results of Jain 1 1 for the corresponding Corbino systems. However, the above 
theory has been developed specifically to apply to experimental Hall bars with current and voltage 
contacts, and this is exploited in the following Sections, where the application to a number of dif- 
ferent experiments is discussed. 

The present theory can be thought of as the generalization to composite fermion systems of 
the edge channel theories of the integer quantum Hall regime. However, there are fundamental 
qualitative differences between the present results in the fractional quantum Hall regime and those 
theories: As has been shown above, the present composite fermion theory implies the existence of 
"silent" edge channels that cross the Fermi level, but do not respond to a shift of the quasi-equilib- 
rium electrochemical potential with a change in the electric current that they carry. Furthermore 
there are composite fermion modes separated from the Fermi level by a finite gap, that do respond 
with a change in the current that they carry to a change in the electrochemical potential. Another 
fundamental difference is that the effective edge electro-chemical potentials of the composite fer- 
mions differ from the electro-chemical potentials of the electron reservoirs, and it is this difference 
that results in the Hall conductance being quantized in fractional (rather than integer) multiples 
ofe 2 lh. 
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5. Transport Across Smooth Barriers and Through Adiabatic Constrictions 

The edge state picture of the integer quantum Hall effect was greatly clarified by experiments 
in which different edge states were selectively back- scattered by obstacles in a Hall bar. 39 Analo- 
gous experiments have been performed in the fractional quantum Hall regime, 40 ' 41 ' 42 and have 
been interpreted in terms of phenomenological models of fractional edge channels 43 ' 44 that are not 
based on composite fermion theory. The experiments were carried out on Hall bars with potential 
barriers imposed across the current path by means of gates. Here we will consider the simplest such 
device, depicted in Fig. 3: A 2DEG, partly covered by a gate, connecting two electron reservoirs at 
electro-chemical potentials |ij and (i 2 - We will then apply the ideas that are developed to transport 
through adiabatic constrictions in the fractional quantum Hall regime, another class of devices that 
has been studied experimentally. 45 

In the case shown in Fig. 3a, the 2DEG is in the integer quantum Hall regime at a Landau 
level filling factor V = 1, except under the gate where the electron density is depleted to V = 2/3. 
The arrows denote the directions of electron flow. The thickest black directed curves show where 
the v = 1 Landau level passes through the Fermi energy; these edge modes are reflected by the bar- 
rier that is set up by the gate. The darker shading denotes the regions occupied by Type I modes, 
most of which are not shown individually. The thinnest black directed curves (confined entirely to 
the shaded regions) show where 5 eff = 0. The lighter shading indicates regions of very low density 
where a description as a pinned Wigner solid may be appropriate. The composite fermion Landau 
level structure along the line AC under the gate is that depicted in Fig. 2b, for m b = 2. The four black 
directed curves of intermediate thickness in Fig. 3a show where the two Type II composite fermion 
Landau levels of the v=2/3 region rise up through the Fermi level as one leaves the region under 
the gate and the local electron density increases. Further away from the gate, these composite fer- 
mion Landau levels adiabatically become Type I edge modes of the V = 1 region. 

We now consider the two-terminal conductance G of the system in Fig. 3a, assuming that the 
propagation of the composite fermion edge modes is adiabatic and dissipationless. Adiabatic prop- 
agation of fractional edge modes over the length scales of interest is supported by experimental da- 
ta, 42 ' 46 and should generally occur if the potential is slowly varying, as is assumed in this paper. 
Dissipationless transport is supported experimentally by the observation 40 ' 47 of a longitudinal con- 
ductance plateau as a function of gate voltage at G = 2/3 e Ih, and our analysis applies in this re- 
gime. 

Dissipationless transport implies that the effective composite fermion electro-chemical po- 
tential throughout the region in which the propagating edge modes originate only from the electron 
reservoir that is at [li (|l 2 ) in Fig. 3a is independent of position and equal to (ij* (|l 2 *). In particular, 
the effective composite fermion electrochemical potential equals (ij* along the lines AB and BX 
and equals |i 2 * near C. Therefore we can apply the results obtained for Type II edge modes in Sec- 
tion 4 directly to obtain the net current / crossing the line AC in Fig. 3a. In this situation, equation 
(15) reduces to the result G = -el/(\li-\l 2 ) = 2/3 e Ih for the two terminal conductance of the device 
since m,u=2 and p = 2 in the region under the gate. This result is in agreement with experi- 
ments. 40 ' 47 

It may, at first sight, seem surprising that, in the present theory, a non-zero net current can 
flow through the barrier imposed by the gate in Fig. 3a, since as has been mentioned above, the 
Type II modes that carry the current through the v = 2/3 region are the adiabatic continuation of 
Type I edge modes of the v=l regions. (Recall that it was shown in Section 4 that Type I edge 
modes are "silent" modes and do not respond to a change in the quasi-equilibrium edge elec- 
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tro-chemical potential with a change in the net current that they carry.) 

This matter is clarified in Fig. 4a, where we show the composite fermion energy level struc- 
ture along the path A-B-X in Fig. 3a. The two composite fermion Landau levels of interest are la- 
belled s and s'. Notice that they begin at the apex of a fan in a region (on the line A-B) where the 
composite fermion effective electro-chemical potential equals and cross the Fermi level (on 
the line B-X) also at \x±*. Therefore the argument given for Type I modes in Section 4 can be ap- 
plied directly to these modes. The result is that the net currents that these modes carry across the 
line A-B-X in Fig. 3a are independent of (j^*, just like the currents carried by the Type I edge modes 
in the of the V = 1 region that feed the modes s and s'. The net current carried by s and s' across the 
line A-B-X can be viewed as consisting of two parts: The current that crosses AB (and carries elec- 
trons on to contact D in Fig. 3a), and the current that crosses BX (and returns electrons to contact 
S). Thus when (i 1 increases, the electron flux that s and s' carry across AB increases while that 
across BX decreases by the same amount. That is, although the electron flux carried by a Type I 
edge mode of the v = 1 region is independent of (ij*, the way that this flux is divided at the gate 
into the components that continue to contact D and return to S depends on (ij*. Because of this 
asymmetric branching at the potential barrier, some of the modes that are silent in the v = 1 region 
are able to transmit a current that depends on |i 1 over the barrier, and therefore play a very impor- 
tant role in conduction through this system. Notice also that the electron flux after passing under 
the gate continues on to contact D, carried by Type I modes in the upper v = 1 region of Fig. 3a. In 
this region the modes do not originate from a single contact and therefore are not described by a 
single well-defined quasi-equilibrium electro-chemical potential. Thus the Type I modes in this re- 
gion are no longer silent. Such non-equilibrium effects will be discussed further in Section 6. 

Another interesting case is shown in Fig. 3b, where the 2DEG is at v = 2/3, except under the 
gate where V = 1/3. Here the Type II modes of the V=2/3 regions are reflected adiabatically at the 
barrier. The energy level structure along the line EG under the gate is similar to that shown in 
Fig. 2a, for m b = 2, but there is only one Type III composite fermion Landau level present (p = 1) 
instead of the two shown in Fig. 2a. The thicker black curves in Fig. 3b show where this Type III 
level passes through the Fermi energy under the gate; away from the gate this Landau level switch- 
es over adiabatically into Type I edge modes of the v = 2/3 regions. The areas occupied by Type I 
modes are again shown by the darker shading. Once again assuming adiabatic and non-dissipative 
transport, the net current / across line EG can be obtained in a similar way to that across AC in 
Fig. 3a, but applying the analysis given for Type III modes in Section 4. In this way, from equation 
(18) we obtain G = -eZ/dl^-jlo) = e /(3h) for the two terminal conductance of the device, again in 
agreement with experiment. 4 The composite fermion Landau level structure along E-F-H is 
shown in Fig.4b. The important composite fermion Landau level in the V=l/3 region is labelled s. 
Notice that, as in Fig. 4a, s begins at the apex of a fan and passes through the Fermi level at the same 
composite fermion effective electro-chemical potential (X 1 *. Therefore the net current that it carries 
across the line E-F-H is independent of and the electron flux that is fed to it from the contact 
S by the silent mode (in the v = 2/3 region) branches asymmetrically in much the same way as the 
currents discussed above for the system in Fig. 3a do. 

It is straight forward to extend the above considerations to the case of any potential barrier 
with a Landau level filling parameter of the Jain form v = p/(mp+l), across a 2DEG with any v' = 
p'/(m'p'±l), that is, to other cases where both the 2DEG and the barrier are at densities for which 
the Hall conductance is quantized. (A suggestion for relevant experiments is made at the end of the 
Appendix.) These arguments are also readily extended to experimental geometries 40 in which a 
single gate covers a region of a Hall bar connected to several contacts and agreement with experi- 
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ment is again obtained. 

It should also be noted that the above treatment of 2D conductors with barriers also applies 
to adiabatic constrictions in which the potential is slowly varying with position. Such constrictions 
have been fabricated and studied experimentally in the fractional quantum Hall regime. For exam- 
ple, experimental studies have recently been reported 45 of a pair of parallel constrictions with v = 
1/3 at their centers, in a v = 2/3 conductor, which exhibited an approximate conductance plateau 
near G = e 2 /(3h), modulated by weak Aharonov-Bohm oscillations that signal a small deviation 
from adiabaticity. The theory given above for the system in Fig. 3b applies equally to individual 
constrictions of this type that are perfectly adiabatic. Constrictions that are strongly non-adiabatic 
have also been studied experimentally in the fractional quantum Hall regime. The conductance 
of these structures was found to be dominated by strong resonances, and decreased as the temper- 
ature decreased, consistent with the predictions of chiral Luttinger liquid theory. 49 A discussion of 
the physics of such strongly non-adiabatic devices is beyond the scope of the present paper. 

6. Selective Population and Detection of Composite Fermion Edge Channels: 

Non-Equilibrium Phenomena 

It has been stressed in the literature 50 that an important test of theories of the fractional quan- 

AD 

turn Hall effect is provided by experiments in which edge channels are selectively populated and 
detected. The experimental geometry is shown schematically in Fig. 5 where the same notation is 
used as in Fig. 3a. The current flows between contacts 1 and 4, the electron drain D and source S, 
respectively. The voltage contacts are 2 and 3; each of these draws no net current. This Hall bar is 
at V = 1, except under the two gates where v = 2/3. An important feature of this experiment was 
that the device was in the adiabatic regime: There was no appreciable inter-channel scattering tak- 

AT) 

ing place, even along the 2 micron-long current path between the gate near contact 4 and that 
near contact 3, where edge states originating at contact 4 propagate side by side with those origi- 
nating from contact 2 which is at a different electro-chemical potential. We analyze this system in 
the composite fermion edge channel picture as follows: 

The situation along line C-E in Fig. 5 is exactly like that along line A-C in Fig. 3a, and the 
same analysis yields that the net current flowing out of contact 4 is /= -2e((i 4 -|i 2 )/(3/z). Consider 
now the line connecting contacts 4 and 3 in Fig. 5, along which 5 eff = for m=2. This line is labelled 
"N." If transport is adiabatic (there is no inter-channel scattering), then along the segment of N 
from a to a' the carriers at the high energy edges of the two Type I modes that originate at contact 
2 are out of equilibrium with those near the 5 eff = line N. The carriers near the 5 eff = line orig- 
inate at contact 4 (most of these carriers belong to Type I modes that originate only at contact 4) 
and are thus at the effective electro-chemical potential |l 4 *. That is, the effective electrochemical 
potential along the entire line N is (J-4*. 51 Given this, and the fact that the net current crossing line 
A-B is zero (since contact 3 is a voltage probe), it follows immediately that (i 3 * = (j, 4 *, and hence 
(l 3 = (l 4 . Since contact 2 is also a voltage probe, the net current crossing F-G is also zero, and there- 
fore (i 2 = (J-i- It follows that the Hall conductance of the device in this configuration is G H = -e//((l 3 
- (i 2 ) = -e//((l4 - (I2) = 2/3 e Ih. This result is in agreement with the experimental data. 

Now consider the opposite limiting case where there is strong inter-channel scattering along 
the path from a to a' so that all of the modes traveling along the edge of the sample between the two 
gates equilibrate with each other completely. In that case the net current flowing out of contact 4 
is still / = -2e((i 4 -|i 2 )/(3/z), as above. However, because of the equilibration, we can replace the 
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sub-system consisting of contact 4 and the gate next to it with an equivalent ideal contact x at an 
electro-chemical potential \x x , with \x x chosen so that the net current flowing out of contact* equals 
that flowing out of contact 4. This is achieved by setting \x x -|l 2 = 2((l 4 - |l 2 )/3. But since contacts 
2 and 3 are voltage contacts and no net current flows out of them, we have that (i 3 = \x x , and |l 2 = 
(ij. It then follows that / = -2e((i 4 -|i 2 )/(3/i) = -e(ii x -\l 2 )/h = -e(|l 3 -|i 2 )//* an d that G H = -e//((l 3 
- jx 2 ) = e 2 /h. The transition from the case discussed in the preceding paragraph where there is no 
mixing between edge modes (and G H = 2/3 e 2 /h) to the present case of complete edge mode equil- 
ibration where G H = e 2 lh has been observed experimentally. 52 Notice that the observation of such 
a transition is contrary to the predictions of the Luttinger liquid theories of edge states that have 
been proposed to date because in those theories a v =1 edge supports only a single edge mode, so 
that a transition that requires the presence of more than one mode at the v =1 edge cannot occur in 
those theories. 

Now suppose that the current and voltage leads are interchanged, so that the current flows 
between contacts 2 and 3, and contacts 1 and 4 are the voltage probes and draw no current. The net 
current flowing out of contact 2 is then / = -e(|l 2 -\L\)lh. Since contact 4 is a voltage probe, there 
is no net current across line C-E, and hence u 2 = M-4- The Hall conductance under these conditions 
is therefore given by G/t = -e//((l 4 - (li ) = e Ih (irrespective of whether equilibration occurs along 
the line N in Fig. 5), again in agreement with experiment. ' 

Thus the present composite fermion theory is able to account for the results of these experi- 
ments in which non-equilibrium fractional edge states play a key role. To our knowledge the only 
other theory that has been shown to yield results consistent with this experimental data is a phe- 
nomenology, 44 which is unrelated to composite fermion theory. 

7. Conclusions 

In this paper we have developed a mean field theory of composite fermion edge channel 
transport that yields the experimentally observed quantized Hall conductances in both the integer 
and fractional quantum Hall regimes. Three different types of composite fermion edge channels 
have been identified, including two types that are qualitatively different in character from the mag- 
netic edge states discussed in previous theories. An essential role in the present theory is played by 
the effective composite fermion edge electro-chemical potentials which differ from those of ordi- 
nary electrons. This difference results in the fractional (as opposed to integer) quantization of the 
Hall conductance in the fractional regime. The behavior of the composite fermion edge states at 
adiabatic potential barriers and constrictions has also been analyzed, and shown to explain the re- 
sults of experiments, including those in which these edge channels are selectively populated and 
detected and local quasi-equilibrium is violated. 

Acknowledgment — This work was supported by the Natural Sciences and Engineering Re- 
search Council of Canada. 
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Appendix: Comparison with Hartree Theories; Direction of Propagation of Composite Fer- 
mion Edge States and the Divergence of the Effective Mass. 

Recently Brey 29 and Chklovskii 30 have carried out numerical model calculations of compos- 
ite Fermion edge state structure and energetics in the Hartree approximation for edges of finite 
width. Where 5 eff ~ 0, they found behavior of the composite fermion Landau level energies £ m r 
that was qualitatively different from that given by equation (5) and sketched in Fig. 2. The differ- 
ence is depicted schematically in Fig. 6(a), which shows only the two composite fermion Landau 
levels that are populated in the interior of a V = 2/3 system. The curves labelled "II" indicate the 
behavior of the Type II modes discussed in the present work. They terminate at 8 =W where fi eff = 
0. The corresponding composite fermion Landau levels of References 29 and 30 are shown by the 
thinner lines that, instead of terminating at 8 =W, turn upwards and pass through the Fermi level. 

As has been pointed out by Chklovskii, this behavior of the levels found in the Hartree ap- 
proximation can be understood in terms of the model of charged particles in a non-uniform mag- 
netic field discussed by Miiller. 53 For the situation in Fig. 6(a), Miiller' s argument can be 
summarized briefly as follows. Inserting equations (6) and (8) in (7) yields 
,2 ' ^ 
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2m*d x 2 effv 
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where the effective potential is given by 

y eff w= Chk+ 2 e m b f )2 - < 2 °) 



Here for simplicity (following Miiller) we set 5 eff = 2bx with b > and ignore W(x). In Fig. 6(a), 
we are c oncerned with the case x < 0. Thus for k < 0, the minimum of V eff occurs at 
x = -J(-hk/ (eb) ) and de/dk < (the composite fermion velocity in the v-direction is nega- 
tive). However, for k > the minimum of V eff occurs at x = and rises in energy as k increases, so 
that dddk > 0. That is, when the region where 5 eff ~ is approached from the left in Fig. 6, the com- 
posite Fermion velocity in the y-direction changes from negative to positive and the energy begins 
to rise and passes through the Fermi level, as in References 29 and 30. This, however, disagrees 
with experiments 34 which show that the carriers at a V = 2/3 edge propagate in the same direction 
as non-interacting electrons, which in the present case is the negative v-direction. 

On the other hand, the direction of propagation for the Type II modes of the present theory 
is the correct one, since for them 8 does not turn upwards (see Fig. 6(a)) and de/dk remains negative. 
This applies also to the Type I modes of the present theory that are shown in the region x < in 
Fig. 6(b) where 5 eff < 0, and shows that de/dk is negative for these modes as well. For the Type I 
modes shown in the region x > in Fig. 6(b) de/dx > 0, but dx/dk < because 5 eff > for x> 0. 
(That dx/dk < for these modes can also be seen by noting that these modes correspond to the min- 
imum of V eff at x = +J(-hk/ (eb) ) for k < 0.) Thus de/dk is negative for these Type I modes 
as well. It is straight forward to extend the above argument for the Type I modes in the region x > 
to the case of Type III modes at the same edge of the sample, since 5 eff > for Type III modes 
as well. It follows that these Type III modes also propagate in the negative v-direction. That is, at 
any particular edge of the sample, all of the modes of the present theory propagate in the same di- 
rection, the direction that is observed experimentally. 

We suggest that the above disagreement between the results of References 29 and 30 and ex- 
periment may be due to the fact that those theories, being at the Hartree level of approximation, do 
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not adequately reflect the many-body character of the states at 5 eff = 0, which is manifested by the 
divergence of the composite fermion effective mass m* in uniform systems. A simple-minded way 
to think of this is as follows: References 29 and 30 take m* to be a constant, independent of 5 eff . 
But if m* diverges strongly enough where fi eff = 0, both the effective potential energy term V eff 
given by equation (20) and the kinetic energy on the LHS of (19) should vanish where 5 eff = 0. 
Thus the upturn of 8 near 5 eff = that is predicted by the argument that is presented immediately 
below equation (20) (and occurs in the Hartree approximation) should not happen. A more detailed 
analysis along these lines shows that if m* diverges more strongly than (5 eff ) , then the local com- 
posite fermion Landau level energies obtained by solving equation (7) are equal to Wfor states cen- 

i n i o 

tered where 5 eff = 0, as is assumed in the present paper. Recent experiments ' suggest that the 
divergence of the effective mass may be as strong as (5 eff )" 4 in uniform systems, while theories pre- 
dict weaker singular behavior. 14 Thus while taking account of the divergence of the effective mass 
may make it possible to resolve this qualitative difficulty encountered by References 29 and 30 and 
to reconcile this aspect of the Hartree theories with the present work, further study of this problem 
is clearly required. 

Another deficiency of the Hartree theories of composite fermion edge structure 29 ' 30 is that, 
unlike the present theory, they can not treat edges at which composite fermion Landau levels that 
derive from different values of m are present simultaneously. This is a serious shortcoming of the 
Hartree theories at all values of the bulk filling fraction v, but it is especially severe when v = 1 or 
1/3 in the bulk. For instance, in order to model a V = 1 edge, it is assumed in Ref. 30 that all of the 
composite fermions (including those in the bulk) are of the m=2 type. This makes it possible to 
model a V = 1 edge at which the effective magnetic field passes through zero when the electron 
density passes through v = 1/2, but at the expense of the composite fermion effective magnetic field 
in the v = 1 bulk pointing in the direction opposite to that of the true magnetic field. This is prob- 
lematic since it would imply that the energy gap between bulk composite fermion Landau levels 
decreases as the true magnetic field increases, whereas the opposite behavior is normally observed 
experimentally in the integer quantum Hall regime; the m = composite fermion picture is the one 
that correctly describes the v = 1 bulk under most conditions. Similarly, for the v = 1/3 edge the 
Hartree models have to choose between the m = 2 and m = 4 pictures, neither of which describes 
both the bulk and the edge composite fermion energy level structure satisfactorily at the Hartree 
level of approximation. By contrast, we assume that the local composite fermion energy level 
structure is everywhere that associated with the local value of m that conforms in turn to the local 
value of v, so that the above difficulties do not arise in the present work. 

Finally, we note that in the present work the edge potential W(x) is assumed to be very slowly 
varying. The numerical results presented in References 29 and 30 suggest to us that the number of 
silent Type I modes present at an edge may decrease as the slope of the edge potential increases. It 
would be of considerable interest to investigate this experimentally by fabricating samples with 
controllable potential profiles at the edges, and crossed by gates as in Section 5: If a larger number 
of silent edge modes is present in the system for smoother edge potentials, then a larger number of 
distinct fractional plateaus should be observable experimentally in the two-terminal conductance 
as the barrier voltage is varied. 
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Figure Captions: 

Fig.l Schematic drawing of a two-dimensional conductor connected to electron source and 
drain contacts S and D at electrochemical potentials (i 1 and (i 2 , respectively. The directions of elec- 
tron flow at the edges of the sample are shown by arrows. L and R are Hall voltage contacts which 
draw no net current. The composite fermion Landau level structure along the dashed line is shown 
in Fig.2. 

Fig.2 Schematic representation of the mean field composite fermion energy levels e m r (the thin- 
ner lines) and of the self-consistent confining potential W (the heavier lines) as a function of posi- 
tion along the dashed line in Fig.l. (a) and (b) are examples in which the effective magnetic field 
in the bulk is parallel and anti-parallel to the real magnetic field, respectively. Examples of Type 
I, II and III composite fermion edge modes are as indicated, (ij* and (i 2 * are the effective compos- 
ite fermion electro-chemical potentials at edges 1 and 2 (as labelled in Fig.l), respectively. 

Fig.3 (a) A 2D conductor in the V = 1 integer quantum Hall regime traversed by a gate under 
which the 2DEG is depleted to the v = 2/3 fractional regime, (b) A 2D conductor in the v = 2/3 
fractional quantum Hall regime traversed by a gate under which the 2DEG is depleted to the v = 
1/3 fractional regime. Arrows indicate the direction of electron flow. Dark shading indicates re- 
gions occupied by Type I composite fermion modes. The thickest black directed curves show 
where the v = 1 Landau level passes through the Fermi energy. The thinnest black directed curves 
show where 5 eff = 0. The black directed curves of intermediate thickness show where some of the 
m = 2 composite fermion Landau levels pass through the Fermi energy. 

Fig.4 Composite fermion Landau levels (thin lines) and potential energy function W (thick 
lines) plotted schematically as a function of position (a) along the path A-B-X in Fig. 3a and (b) 
along the path E-F-H in Fig. 3b. 

Fig.5 A 2D conductor in the v = 1 integer quantum Hall regime traversed by two gates under 
which the 2DEG is depleted to the V = 2/3 fractional regime. Notation as in Fig.3. When a current 
flows between contacts 1 and 4, and contacts 3 and 2 are voltage probes that draw no current, the 
adiabatic edge channels near the path a - a' are not in quasi-equilibrium with each other. This results 
in an anomalous observed 42 Hall conductance 2e 2 /(3h), which is explained by the present compos- 
ite fermion theory; see text. 

Fig.6 (a): Schematic drawing of the behavior of the two composite fermion Landau levels that 
are populated in the interior of a V = 2/3 system. The curves labelled "II" indicate the behavior of 
the Type II modes discussed in the present work. The behavior of the corresponding composite fer- 
mion Landau levels found in References 29 and 30 is shown as the thinner lines that, instead of 
terminating at 8 =W, turn upwards and pass through the Fermi level, (b): As in Fig. 6(a) but showing 
the Type I modes of the present theory that correspond to m=2 and not the modes of References 29 
and 30. The location where 5 eff = for m = 2 and x = (in the notation of the Appendix) is also 
indicated. 



